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AROD REAL TIME DATA EXTRAPOLATION
by J, C, Sanderlin € J, T, Hannon
I, INTRODUCTION

AROD is a space vehicle tracking system in which tracking data are
extracted from c-w, radio transmissions between the vehicle and sets of
four ground-bassd transponders, Ideally, continuous communications are
required between the vehicle and each of at least three transponders,

In addition to improving tracking accuracy, the fourth transponder
permits sequential switching of individual transponders between sets
while maintaining communications with three transponders at all times,

In practice, radio transmissions are performed in the presence of
many sources of inierference which may, and often do, result in an inter-
ruption of communications for a finite period of time,

The receivers in both the vehicle and the transponders are phase-
locked, For the purposes of this report, phase-locked receivers may be
characterized by two features, namely, acquisition time and response time,

The acquisition time, T,,, of a phase-locked receiver is dependent
upon many factors, The most important of these factors are contained in

the proportionality

(initial error) (error rate)

Tae” (1)
8¢  (loop bandwidth) (signal strength)

A phase-locked receiver exhibits limited response under two conditlons,




Suppose a step change is made in the phase of the input signal, The
automatic phase control (APC) loop integrates the error step so that
after some time Td the VCO phase 1s approximately equal to that of the
incoming signal, Suppose the receiver is phase-locked to an incoming
signal with zero error rate, and the signal is suddenly removed, This
is also a step change in the error, which is integrated as in the
previous case, so that a change in the VCO phase will be observed only
after a finite delay, If the signal is reapplied immediately after it
is removed, the reacquisition time should be short since the numerator of
(1) approaches zero as the period of signal interruption approaches zero,
For a receiver with given loop bandwidth the reacquisition time,

T c» after a signal interruption of duration T, is determined by

ra i
. ) Tia¢s/at
rac I P (2)
where ¢s = signal phase,

6¢s /0t = error rate,
|Ps| = signal strength,
To obtain adequate sensitivity the AROD receivers use narrow band-
widths so that one term in the denominator of (1) is always small,
Consider the relation of the variables in (2) to the distance, 8,
between the vehicle and a transponder, Small signal strengths correspond
to large distances, as do low error rates, These two variables thus

tend to compensate, for large S8, A high probability of signal interruption



corresponds to small signal strengths, as do longer average durations of
interruption, Hence, for large s, the probability of signal interruption
is great, and signal interruptions will probably be accompanied by rela-
tively large reacquisition times,

large signal strengths and large error rates correspond to small
distances, Hence, these two terms compensate for small, as well as
large, distances, The probability of signal interruption is minimmm for
minimum distance, and the average duration of interruptions should also
be minimum,

We may conclude that there exists a possibility that a signal inter-
ruption may occur during any part of the trajectory in which the vehicle
is "visible™ to the transponder, Further, the probability of inter-
ruption is greatest when the vehicle is near the horizon,and these inter-
ruptions will be accompanied by the maximum reacquisition times,

Since contimous data are required, a technigue for reducing the
data lost due to signal interruptions is desirable, This report presents
the preliminary investigation of a real time data extrapolation technique
designed to minimize reacquisition time following a signal interruption,
as well as to "replace™ the data lost during the interruption,




II, FINITE DIFFERENCE OPERATORS, INTERPOLATION, AND EXTRAPOLATION

A brief introduction to finite differences, and finite difference
operators is followed by a short development of the Gregory-Newton
interpolation formulas, of which one is suitable for use in extrapolation,

A, Finite Difference Operators: A function f of a variable x is
defined to be an ordered collection of number pairs x, f(x), of which no

two have the same first term,

A collection (of points, functions, etc,) is referred to as a set
(of points, functions, etc,), An ordered set is a collection in which
the elements are arranged according to some rule, hence, to order a set,
is to arrange its elements according to some rule, let M be a set of
points, and let N be a set of points such that every point of N is
also a point of M, If M contains one or more points not contained
in N, then N 1is said to be a subset of M,

Let M be a set of points, and le¢ f be a function, If for every
x in the set M, there exists a real number y such that y = f(x), then
the function f is said to be defined on the set M,

The interval [a,b] is the set of all points x such that

a<x<b, (1)

From the interval [a,b] select an ordered subset of equally spaced

points {xi} ;.l=o such that



ceecx =b (2)

a=x X, <*** <X X X
o< 1< < < r<: r+l< n

™1

where for every non-negative integer 1, such that o<i<n,
x -x =h, (3)

Equation (3) may also be written Xy =Xy + h, Repeated application of

this relation and/or induction yields

it S Xy BT Xy TR =Xy s
[ ] [ * * (4)
Xtk =~ Bty TP T g TS Xy

which is valld for all non-negative integers i such that o0<i<n,
In the last equation of (4), let i =0 and k = n to obtain an expres-

sion for the greatest member of the set X in terms of the smallest

mamhar and the conatant diffaranca
x =x +nh 5
R (5)

Only bounded sets of the form (2) will be considered, for if the set
is unbounded, there exists at least point-wise knowledge of the function
for all x; and there is no need for extrapolation,

Let £ be a function defined on the set {xi} ;x:o (see equation 2),
then for every x

i

there exists a real number vy such that v, = f(xi),
. n
Further, there exists the set {yi} o 2




y, = ta) = £(x) ,
yl = f(xl) ]

y;_l = E(ﬁ-l) ’
N = f(xk) ’
Tiern = T

(6)

y; = f(;:n) .

Note that there exists a one-to-one correspondence between the terms of
n n )
{xi}j.:o and the terms of {yi} j=o * For each member x 3 of the set
n n =
{xi} i=o there exists a member of the set {yi} 1= such that ¥y f(xi).
Hence, there exists a one-to-one correspondence between the members of
the sets; however, observe that the set {yi} g_o is not ordered,

The forward difference operator 4 is defined by the relation

for all xi such that f(x) is defined on some set containing x4, The

relation, from (4) ,
Af(xi) = f(xi+h) - 2(x)) ; (8)
and the relation, from (6) ,

0y, =T34 = Ty (9)



are both equivalent to (7), These three notations may be used inter-

changeably; however, the notation of (9) will be used unless there is a

possibility of ambiguity, For any two functions y; = f(xi), and u = g(xi)
n

defined on the set {xi} 1o » Obtain from (9)

8 (yuy) =y +u,) - (o +),
= (Fyyy =7 *+ (g, - w) (10)
=4y + oy,
and for ¢ a constant
a ("—71) =V~ Y1
=c (Fguq - 71) » (1)
=cb4y .

Repeated application of (9) and/or induction ylelds

A’j_gyi‘*'l-’i 2

S ARTYCARY AN A

(12)
3 _ 2 2
£y, =0 (avg) = %7y - 077,
L [ J [ 4
. ° .
k - k-1 kel
AT C AR S WY e A



Hence, for any two non-negative integers n and k
k n = I‘H'k
s (ay) =2y . (13)

Equations (10) and (11) are the defining relations for a linear operator,
Hence the forward difference operator A is a linear operator, further,
equations (11) and (12) assign an additive law of exponents to the oper—
ator A,

The effect of the operator A upon a set of ordered number pairs

{xi, yi} il is shown in Table 1, Note that successive differences

may be computed from any starting point, The use of the word "forward"
in the descriptive title of the operator A is a result of the fact that
only successive differences may be computed with 4,

Let f be a function defined on the set {xi} !j;o . Define the
shift operator E to be that operator which advances y, = f(xi) by one
increment, hence

By =% . (14)

Observe, for any two functions v, = f(xi) and u, = g(xi) defined on the

1
n
set {xi} o » that
E(yy +0) =7y * g =By * 8y (15)
for c¢ a constant

E(cyi) =i T clwi ’ (16)



and

By =%

By = By <7,

(17)

= I T T

From (15), (16) and (17) conclude that the shift operator E 1is a linear
operator with an additive law of expenents,

Observe that there exists an inverse shift operator E~ 1 such that
=1 _
EL (8,) = 7;. (18)

Substitution of (14) into (18) yields

E” l'yi+l =Y . (19)
Make the change of notation j = i+l, hence, from (19) write
-1
= 20

Equations (14) and (20) are the defining relations for the forward and
reverse shift operators respectively,
R n
Consider again the ordered set of number pairs {xj, yj} j=0
defined in equations (2), (3) and (6), The ordering of the set is

completely arbitrary, hence let the set be reordered such that

a =X <see<X | <X o< eee <Xy <X = b (21)




10
where for every J such that o<j<n

=h, (22)

and for a function y = f(x) defined on {xi} Z:o there exists the
n
t b
c‘::o?responding se {yj} =0
¥ = f(xn) = f(v) ,

’

y = f(xn-l) ’

o]

»
N1 = = )
Yl’( = f(xn-k) ’ (23)
9

»

Y = tx) = £(a) ,

) The prime on ys does not denote differentiation with respect to a variable,
but is used to discriminate between the members of the set (4) and the set
(23). Equations (21), (22) and (23) are analagous to (2), (3) and (4)
respectively, Equation (21) is identical in form to (2), except that the
reference term is n-th term, instead of the initial term, Equation (22)

may be obtained from (3) by letting

il = p-j , 1 = n-3-1, (24)
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Equation (23) is a reordering of (4) where ¥ = f(xn) is the reference
instead of y = f(x ),
o o
Given the set of ordered number pairs {x , 5 }n , define the
3" 35 5=

backward difference operator  such that
8y =y, -y (25)

It is readily shown that the operator § is a linear operator having
an additive law of exponents, Observe that the operator 8 forms only
successive differences backward from f(xn), A table similar to Table

1 can be formed using the operator 8 on a finite data set, where a

would be replaced with § and the remainder of the table being essen— i
tially unchanged, The important difference lies in the definition of |

the terms, since in the table formed by 8 , the first differences

.
1, The result is to

3y0 is actually the difference 4y,  of Table
place the final differences of the set f(xi)} 1 at the begin
ning of the set {f(xi) };o

In comparing the operaticns of A and d on the set {xi };;o
the compact notation of (9), used above may be confusing, hence the
notation (8) will be used, Hence from (8) and (23), equation (25)

would be written in the form § ¥y = f(xn_j) = f(xn-j +1) - f(xn_j),




12
From (7) write Af(xi) = f("1+1) - f(xi) » and solve for f(x;,,) , Hence

f(xi+l) = £(x,) + Af(xi) =(1+a) f(xi) (26)

where 1 is the identity operator, From (14) write f(xj.ﬂ) = Ef(xi) R
substitute into (26) to obtain

Ef(x ) = (1+a) £(xy) , (27)

From (27) one may write

E = (1+a) (28)
where the operand is implicit, and it is understood that without an
operand the operator is of no significance, From (25) write

t(xn_ J) = f(xn_ j) - f(xn_ 3 +1) and solve for f("n-j+1) to obtain
f(xn-j+1) = f(xn-j) - f(xn_ j) = (1-8) £ (xn-j) . (29)
. .. -1
Observe from (23) that f(xﬂ-ﬁl) = ’3-1 , and from (20) yj-l =E YJ o
Substitute into (29) to obtain
_ w1 =
f(xn—j+1) =K f(xn-j) = (1~ 9) f(xn-j) (30)

whence the symbolic equality

ET = (1-9), . (31)
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Also from (27) and (30), upon solving for Af(x) and St(xn_J) respec-
tively; one obtains

at(x;) = (B+1) £(x,), (32)

31(x, g)= (=€) (=), (33)

B, Interpolation: The general requirements for interpolation are consi-
dered; however, only the Gregory-Newton interpolation formulas are derived,
Let f be a function defined on the interval [a,b] , Consider the
ordered set of mmber pairs {x;, yi};o satisfying the following conditions,
1, For every positive integer i such that o < 1i < n,xiﬂ_—xish,
2, The set {x i}:goeouhts of all real numbers x 1 satisfying
(1) above, and such that a= x, < X)<vee<x = b,
3. The set {yi} lil=v consists of the real mumbers y; such that for
each x; in the set {xs} Lo » ¥y = 2x),
Suppose that given only the set {x,, ¥y} ;o 1t is desired to
obtain the value f(x, + rh) where r is a real number, and r<1, It
should be noted that there exists a value f(x + rh) for arbitrary k

and r only if the function f 1s defined on the entire interval [a,b] .



From (17) write
k
f(x) = f(x), (38)

Recall from the defining relation (14) for the operator E, that

Ef(x ) = £(x+h), then for any real number r one may write

E £(x,) = £(xtrh) (35)
for any function f(x) defined at x = x+rh, From (34) and (35) obtain

f(mqth) = E 2(x,) = 27 o(x ), (36)
From (27) recall f.hat (1+2) £(x,) = Ef(x;), hence from (36) write

f(xtrh) = (1) T2(x,)., (37)
Since k is an integer,and r is a real number, the sum kir is a real
number, Let

kir=R, (38)

and write (37) in the form

£(x, +rh) = (1+A)Rf(x°). (39)
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Upon expanding (39) using the binomial theorem one obtains

£(x +7h) = £(x ) + Rat(x) + R(:-Il) at(x ) +oo0 (40)

which may be written in the more compact form

R
f(xk‘ﬂ'h) = Z m%i;r Am f(xo) - (hl)
=0

where R = lctr, Equation (41) is a form of Newton’s forward interpolation
equation (Reference 5 ),

It has been shown that given an ordered set of mumber pairs
{xi yi} :-=o s satisfying the three conditions stated previously, the
value of the function may be determined (interpolated) at any point in
the interval [a,b] provided the function is defined on the entire
interval [a,b] o

In interpolation between points near the end of the data set it is
advantageous to use the inverted ordering of {13} ;-o instead of the
ordering {yi} :-o o There are several reasons for this preference; the
given data set may be incomplete, or one may desire to compute the
fewest number of differences necessary; however, the effect of round-off
error is probably the most important reason, In sequential computations,
such as those required to form Table 1, the effect of round-off error is
an accumlative uncertainty in the computed values,
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Supposezkisneartheendoftheset {xi}li;o- Since h is

defined by the relation

G "% =B (42)

write
xctth = x5 - (1-r)h, (43)

Since r is a real number, so also is l-r, let

r = l-r, (44)
From (43) and (44) write

£(x +rh) = £(x_,,-r’h), (45)
Using the change of subscript (4), write

k = -1, k+l = n-J3, (46)
This, with (45), yields

£(x+th) = £(x, s-r b) , (47)
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From (23), f(xn_y) = y3 . So, analogous to (35), write

-r’ , _ ’
E yj = f(xn_J -rh), (48)

-1
From (48) and the definition of E , obtain

g9 E~ly" =f(x -r’h), (49)
n n-J

From (49) and (31) write

t‘(xn_‘j -1 h)

_ E—(J*r’) ~(J+r’ ),

h ® (50)

y = (1-8)
n

Upon expanding (50) by the binomial theorem, and letting

j+r’ =R, (51)
one obtains
, (52)
’ 5 -® , ’ ’ R (R +1) "y
- = - = + eseoee
f(xn-j r’h) = (1-9) y =7 +Ryn 2 Yy

Equation (52) may be written in the more compact form

R
, (ntm=1)! m
fix -rh)= Yy ————— B3y . (53)
n-j m! n
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Observe from (45) that the two series (41) and (53) yleld identical
results for the two orderings {xi, yi} :=o and {xj’ yS} §=o’
respectively,

Equation (53) is the second of the two interpolation formmlas to
have been derived, and is known as the Gregory-Newton backward interpolation
formmla, As indicated, this formula is used to interpolate between values

near the end of a data set,

C, Extrapolation: Let f be a function defined on the interval [a,q ,
and let [a,b] be a subinterval of [a,c] such that a<b<e, Given the
ordered set of number pairs {x » y, } n satisfying the conditions:
n-j J' Fo
- = < i<
1, x_ 3 xn-j-l h for every positive integer j such that o< j< n,
2 {x } " consists of the real numbers x satisfying (1)
* Un-j) j=o n-j
above, and such that a =x°<---<x < x <x =Db,

2 nl n

n
3. {ys} =0 consists of the real numbers ys such that for each

n ’
x in the set {xn-j} o y ==f(xn_ ),

n-j J J

n
it is desired to extend, analytically, the data set { x

g’ 7 :3} J=o ’
which is defined on the interval [a,b] , into the interval [b,c| , This
pmceés is termed extrapolation,

The first step in extending the data set is to find the term
f(xn + h) , Use the formula (53) since f(xn) is at the end of the data

set, Write



tx ) = Bf(x) = Fly |
But y; = E" y_ » hence from (54) obtain

fxpa) = EED
From (31) E- = (3-3) , so that (55) may be written

fxm) = =)™y,
n

Expand (56) to obtain

ntl
? (nﬂn—l)!
flx, 4) =y =% m:r; .
=0

In like manner

nt2 | m
fxt2h) = 3yl =T -‘?"—n— 8 ¥,

=g
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(54)

(55)

(56)

(57)

(58)

By successive applications of (57) , the data set may be expanded through-

out the interval [?,dq , with an increasing uncertainty in each successive

point so obtained, provided that f 1is defined on the interval [c,d] ,



1II, COMPUTER PROGRAM TO PERFORM EXTRAPOLATIONS

From Table 1 it is evident that many calculations are necessary for
one extrapolation, and that many extrapolations are necessary to show the
trend of the deviation, To reduce labor and errors a computer program was
written to perform the mathematical operations, The program was written in
Fortran II for use in the IBM 1620 computer, The program was designed
to use eleven data points from any function, take up to ten differences,
and make up to 200 extrapolations, This program is shown in Table 2, A
second program, designed to use data from arc-tangent functions only, was
written to perform extrapolations as well as to compute the percent error of
each extrapolated point, Table 3 shows this program, A flow diagram
(Figure 1) illustrates the sequences of the programs,

In Fortran language certain mathematical notations have meanings
different from those they ordinarily have in mathematics, To make the
variables and subscripts fit the Fortran notation, changes are often
necessary, The equal sign in Fortran literally means "replace the number
on the left hand side of the statement by the quantity on the right hand
side", Subscripted variables are noted by a parenthesis behind the
numbers such as X(11) for xll‘ Note that zero can never be used as a
subscript,

The only variables requiring changes for use in the computer program

were the variables denoting the sets of differences, Thus Al'rl, A2!2,

etc,, were changed to D1Y(1), D2Y(2), etc,, since the symbol A is not
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readily available on the computer, Notice that the difference sets were
designed for easy adaptibility to the computer by omitting all zeroes in
the subscript notation,

Input data to the program consists of the interval size between data
points (referred to as H), the value of X at the point where the extrapo-
lations begin, (denoted Y(1) to Y(11)), The subscript variable is N, and
is set equal to eleven for the first calculation, The number of the extra-
polation is M, and is set equal to zero at the first of the program,
Storage of up to 200 terms for each set of differences is made available
by the DIMENSION statement,

The first part of the program (statements 1-64) consists of taking
the ten sets of differences for the eleven data points, After each set
of differences is made the result must be checked to determine if it
is to be last difference set, If it is, then all of the following var-
lables representing sets of differences are set equal to zero, The
computer goes through this part of the program only once,

The second part of the program is the section that makes the
extrapolations (statements 65-75), The values for the extrapolated point,
Y, and the corresponding value of X are calculated, The results are
punched on a card, The subscript, N, and the extrapolation number, M,
are then advanced by one increment for the next extrapolation, The value
of M 1s checked since the computer stops after 200 extrapolations,

The third section of the program (statements 76-94) takes the sets
of differences using the extrapolated point as the last data point,



As in the first section a check must be made after each difference to
determine the final difference, When the last difference is found the
program returns to section two to calculate the next extrapolation, Thus,
sections two and three form a loop to perform the 200 extrapolations,

The only difference between the first and second programs is the
second section, The second program makes the extrapolation in the same
manner as the first, but after each extrapolation, the value of the arc-
tangent at that point is computed and compared with the extrapolated value,
From this the error is computed, Table 4 shows the output results from
this program using data in increments of 0,1 from 6,0 to 5,0,

These two programs have proved to be efficient and versatile in the
calculation of extrapolations for the functions used,



IV, EXTRAPOLATIONS OF SEVERAL FUNCTIONS

To test the extrapolation equation as well as the computer program,
it was necessary to make extrapolations for well behaved curves and for
those that are not so well behaved, Extrapolations were made of parabolic
functions , cubic functions, circular functions, and on tabulated data
such as log tables and interest tables, For the parabolic and cubic
functions, which are polynomials, the extrapolations were exact and the
curve may be extrapolated indefinitely, This is illustrated in Figures
1l and 2,

The accuracy of the extrapolations of a circular function depends on
the significance of the data points, which in turn depends on the incre-
ment size, Figures 3A, LA, and 5A show the deviation of the extrapolated
circular functions from the actual curves for the data taken in different

for each associated cireunlsr function, Figurss
6 and 7 present the percent deviation for extrapolations of tabulated
log and interest data, Since the data points from the interest table
have more significant figures than those of the log table , the deviation

for any given mmber of extrapolations was less,




V., EXTRAPOLATIONS OF THE ARC-TANGENT FUNCTION

To estimate the extrapolation error for tracking data, the arc-
tangent function, which is similar in form, was used, Figure 8 shows a
plot of the arc-tangent curve as used in this system, The arc-tangent
varies slowly until X approaches the cross-over point at the origin,

Near this point the change becomes very rapid, Extrapolations were
made using data samples along several points on the curve,

Two sets of extrapolations were made, one with the data samples
taken at intervals of 1,0 and the other with the data samples taken at
intervals of 0,1, Figures 9A through 29A are plots of the extrapolated
points compared with the actual arc-tangent curve for data samples in
intervals of 1,0 while Figures 30A through 42A are the same type curves
for the data samples taken in intervals of 0,1, Figures 9B through 42B
are plots of the percent error versus the number of extrapolations for
each of the associated curves, On each curve is a notation showing where
the data was taken and where the extrapolations started, The extra-
polated curve is shown for that portion of the graph where it does not
lie on top of the actual curve, For the part of the curve where the
arc-tangent curve and the extrapolated curve seem to be the same,
the difference is so slight that it cannot be shown on this curve, By
referring to the error curve, the deviation for this part of the curve can
be obtained, Referring to these curves it is evident that for data samples

taken at almost any point, the extrapolated curve follows the arc-tangent



very closely until it nears the origin, For data samples taken a large
distance from the origin, the error of the extrapolations was less than
1% for more than 100 extrapolations; however, for data taken very near
the origin, the error in the extrapolation increased very rapidly, By
comparing Figures 17A and 31A, it can be shown that the accuracy is im-
proved by taking the data samples in smaller intervals, and for the same
number of extrapolations the accuracy is greater for the smaller data
increments (compare 17B and 31B,), Comparison of Figures 22A and 42A
also reveals that the accuracy is better for smaller increments,

With actual tracking data the imput signals will contain random
noise which will tend to increase errors in the extrapolated points,
Since there was no actual tracking data available, no conclusions are
drawn as to the exact results of nolse; however, if enough data samples
are used, the increase in the error of the extrapolations due to random
noise should be toierable,

25



VI, BLOCK DIAGRAMS OF THE COMPUTER

There are 2 types of computing systems which may be used to perform
the calculations of the extrapolation computer, These are the analog
type and the digital type, Each of these systems has several relative
advantages and disadvantages with respect to the other, Both systems
use a control gate and a buffer (or gate) in the input, The ocutput of
the computer is fed back through the control gate to the buffer, The
control gate, however, is blocked by the data signal input, If a loss
of input occurs, then the control gate conducts and the extrapolations
begin,

A, Analog Systems

Figure 43 i3 a diagram of an analog system which uses a series of
differentiators to perform the difference function, The output of each
differentiator is applied to another differentiator and also into a
suming amplifier, This system can incorporate as many differentiators
as desired, The output of the summing amplifier should produce a very
accurate value of extrapolation, since differentiators are used in the
system rather than some method of subtracting,

There are several problems associated with this system, such as the
problems of drift and the inherent delay in the operational amplifiers,
The biggest problem is that of the differentiator, These problems are
probably amenable tc solution in a laboratory enviromment, but the

prospects of solutions for a space vehicle environment are not promising,
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Another disadvantage arises in case the signal contains noise, In this

case differentiation tends to enhance the noise while diminishing the
signal,

B, Digital Systems

There are many methods by which the extrapolations may be accomplished
digitally, The system in Figure 44 is a simple method of implementing the
Gregory-Newton equation, Basically, this system uses a control gate, an
amplitude-analog-to-digital converter, a method of shifting data points,
a bank of binary subtracters, and a digital to analog converter, In this
system the control gate performs the same function as in the analog
system of blocking the extrapolated signal feed-back in the presence of
the data signal, The output of the buffer is fed through the timing
gate to the analog converter, The timing gate is controlled by the
signals from the timing pulse generator, The analog convertor is
designed to yield a number of pulses proportional to the amplitude of
the analog input, The output of this converter is applied to the binary
counter, The counter must consist of enough binaries to count the
highest possible number of pulses, The system illustrated uses five
binaries for a total of 32 pulses; in practice at least ten would
probably be needed, This number is determined by the settings in the
analog to digital converter required to achieve good resolution, so
that a slight change in amplitude will be detected, After each counting
period the binaries are reset for the next cycle, This is achieved by
the reset pulse from the timing pulse generators, This first part of
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the system could probably be achieved with little difficulty,

The next part of the system consists of the shift-registers and
binary subtracters, The output of the five bit binary counter is applied
through and-gates to five, two stage, shift-registers, There is one
shift-register needed for each bit in the system, The two outputs from
each shift-register are fed to a five bit subtracter in such a mamner
that the earlier signal is algebraically subtracted from the later one,
The shift pulse for the register is generated by the timing pulse gener—
ator, The output of the subtracter is applied to a second shift-register,
the output of which is fed to another five bit subtracter in the same
manner, This process of shifting and subtracting is the method of
obtaining differences, so that this process must be repeated as many
times as is necessary for accurate results, It must be noted that the
subtracter is really an adder-subtracter, depending on the algebraic
signs of the two inputs, An extra bit must be carried to denote the
algebraic sign, since these must be carried all the way through the
system, The outputs of each subtracter, together with their signs, are
added in the summing amplifier, This output is then converted to an
analog signal by the digital-to-analog converter and fed back through
the control gate as another extrapolated point,

There are several disadvantages to this system, The system would
be very complex and would require an exact sequential timing system,
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Each of the control pulses, the timing pulse, shift pulse, reset pulse,
etc,, would have to be sequenced and synchronized, In order to have
the desired resolution to detect a small change in amplitude, many
digital bits would be necessary,



VII, CONCLUSIONS

From the results of the extrapolations of the arc-tangent data,
it is evident that extrapolations can be made with a high degree of
accuracy along the slowly changing portion of the curve, Along the
rapidly changing portion near the origin, the extrapolations deviate
from the true déta rapidly so that the accuracy is poor after three
or four extrapolations, The extrapolation should reduce the proba-~
bility of loss of phase-lock during the period of signal loss, even
if the signal loss occurs near the origin,
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TABLE TwO

FORTRAN II PROGRAM FOR NEWTONS EXTRAPOLATION EQUATION

USING TEN DIFFERENCES AND 200 EXTRAPOLATIONS

1 DIMENSION X(200)s Y(20U0)s D1Y(200)s D2Y(200)s D3Y(2001s N4Y(200)
1 D5Y(200)s D6Y(200)s DTY(200)s DBY(200)s DO9Y(200)s DOY(200)

2 READ 039HsX(11)

3 FORMAT (2F10,0)

4 READ 059 (Y(JU)eJd=1»11)

5 FORMAT(4E154.0/4E15,4,0/3E15,40)

6 N=11

7M=0

8 DO 09 U=2,11

0
Q

1Y(U)y=Y(J)=Y(J=-1)

—t
(@]
-n

ORMA
11 DO 12 J=2,11

12 PUNCH 10s D1Y(J)

13 DO 14 J=3s11

14 D2Y(J)=D1Y(J)=D1Y(J-1)

15 IF(ABSF(D2Y(N))=ABSF(D1Y(N)))16556356
16 DO 17 J=3,11

17 PUNCH 10s D2Y(J)

18 DO 19 J=4s11

19 D3Y(J)y=D2Y(J)1-D2Y(J-1)



20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
" 35
36
37
38
39
40
41

42

TABLE TWO (CONTINUED)

1F (ABSF (D3Y (N))=ABSF(D2Y(N))) 2155757
DO 22 J=6111

PUNCH 10, D3Y(J)

DO 24 J=5,11

D&Y (J)=D3Y (J)=D3Y (J-1)

IF (ABSF(D4Y (N))=ABSF(D3Y(N)))26+5858
DO 27 J=5»11

PUNCH 10s D&Y (J)

DO 29 J=6s11

D5Y (J)=D&Y (J)=D&4Y ( J=1)

TF (ABSF (D5Y (N))=ABSF(D&Y(N))131559559
DO 32 J=6411

PUNCH 10, DS5Y(J)

DO 34 J=T,11

D6Y (J)=D5Y(J)=D5Y (J-1)

IF (ABSF(D6Y (N))=ABSF(DSY(N))) 36560560
DO 37 J=7»11

PUNCH 10y D6Y(J)

DO 39 J=8»1l

DTY(J)=D6Y(J)-D6Y (J-1)

IF (ABSF(D7Y (N))=ABSF(D6Y(N)) 141961961
DO 42 J=8s11

PUNCH 10, D7Y(J)

34



43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64

65

TABLE TwO (CONTINUED)

DO 44 J=9s11

D8Y (J)=D7Y(J)=-DTY (J=-1)

IF(ABSF(DBY (N)1-ABSF(DTY(N)) 146362962
DO 47 J=9s11

PUNCH 10s DB8Y(J)

DO 49 J=10,11

D9Y (J)=D8Y(J)=D8Y (J-1)

IF(ABSF (DY (N))=ABSF(DBY(N)))51+63+63
DO 52 J=10s11

PUNCH 10s D9Y(J)
DOY(11)=D9Y(11)-DIY(10)

PUNCH 10» DOY(11)

IF(ABSF(DUY (N))-ABSF(D9OY(N}))95:64364
D2Y(N)=0,0

D3Y(N)=0.0

D4Y(N)=040

D5Y(N)=040

D6Y (N)=040

D7Y(N)=0,0

DBY (N)=0,0

DOY(N)=040

DOY(N)=0,0

PUNCH 665 Ms Ns X{N)s Y(N)

35



TABLE TWO (CONTINUED)

66 FORMAT(21592E1548)
T2 X{N+1) =X(N) + H
73 Y(N+1)= Y(N)+DIY(N)I+D2Y(N)+D3Y(N)+D4Y (N)+D5Y(N)
14+D6Y(N)Y4DTY (NY+DBY (N)+DOY (N)+DOY(N)
N = N+1
M = M+l
74 1F(M=101)76s 101 75
75 1F{M=-201)76s 105, 76
76 DIY(N)=Y(N)-Y(N=1)
77 D2Y(N)=D1Y(N)-D1Y(N-1)
78 IF(ABSF(DZY(N))-ABSF(DIY(N)))79o56956
79 D3Y(N)=D2Y(N)=-D2Y(N-1)
80 IF(ABSF(D3Y(N))-ABSF(D2Y(N)))81957+57
81 D4Y(N)=D3Y(N)-D3Y(N~-1)
82 IF(ABSF(D4Y(N))-ABSF(D3Y(N)))83+58958
83 DSY(N)=D4Y(N)-D4Y (N=-1)
84 IF(ABSF(D5Y(N))-ABSF(D4Y(N)))85+59+59
85 D6Y(N)=DSY(N)-D5Y(N=1)
86 IF(ABSF(D6Y(N))-ABSF{(DSY(N)))87+60+60
B7 D7Y(N)=D6Y(N)=-D6Y(N-1) |
88 IF(ABSF(DTY(N))-ABSF(D6Y(N)))IB9s61s61
89 D8Y(N)¥D7Y(N)—D7Y(N-1)

90 IF(ABSF(DBY(N))-ABSF(DT7Y(N)))91962+62

36



91
92
93
94
95
96
97
98
101
102
103
’104
105
106
107
108

99

TABLE TWO (CONTINUED)

DOY(N)=DBY{(N)-DBY (N-1)
IF(ABSF(D9Y(N))-ABSF(DBY(N)) 193463563
DOY(N) =D9Y(N)=D9Y (N-1)
IF(ABSF(DOY{N))-ABSF(D9Y(N)))165+64964
TYPE 96

FORMAT ( 22HNOT ENOUGH DIFFERENCES)
PAUSE

GO TO 65

TYPE 102

FORMAT (18H100 EXTRAPOLATIONS).

PAUSE

GO TO 76

TYPE 106

FORMAT (18H200 EXTRAPOLATIONS)

PAUSE

GO TO 76

sToP

END
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TABLE THREE

FORTRAN 11 PROGRAM FOR NEWTONS EXTRAPOLATION EQUATION

FOR ARCTANGENT CURVE wiITH ERROR CALCULATION

1 DIMENSION X(200)s Y(2G0)s D1Y(200)s D2Y(200)s D3Y(200)s D4Y(200)
1 D5Y(200)s D6Y(200)s DT7Y(2CO)s DBY(2C0)s DIY(2C0)s DOY(200)

2 READ 03sHsX(11)

3 FORMAT (2F10,0)

4 READ 05s (Y(J)eJd=1,11)

5 FORMAT(4E1560/4E1540/3F15,0)

e Do 00 s-2:11

9 D1Y(J)=Y(J)=Y(J=1)

10 FORMAT(E2U,.8)

11 DO 12 J=2y11

12 PUNCH 1Us D1Y(J)

13 DO 14 J=3,11

14 D2Y(J)=D1Y(J)=D1Y(J-1)
15 IF(ABSF(D2Y(N))=ABSF(D1Y(N))) 16556456
16 DO 17 J=3s11

17 PUNCH 10, D2Y(J)

18 DO 19 JU=4,11

19 D3Y(J)y=D2Y(J)-D2Y(J-1)




20
21
22
23
24
25
26
27

28

34
35
36
37
38
39
40
41

42

TABLE THREE (CONTINUED)

IF(ABSF(D3Y(N))=-ABSF(D2Y(N)))21957+57
DO 22 J=4s11

PUNCH 10s D3Y(J)

DO 24 J=5,11

D4Y{(J)y=D3Y(J)-D3Y (J=1)
IF(ABSF(D4Y(N))-ABSF(DBY(N)))26’58958
DO 27 J=5,11

PUNCH 10, D&Y I(J)

DO 29 J=6111

D5Y (J)=D4Y (J)=-D4aY(J-1)

IF(ABSF(DSY(N))=ABSF(D4Y(N)))31959959

be B | ]
-

- .11
~Twria

5o
PUNCH 10y D5Y(J)

DO 34 J=7,11 |

D6Y (J)=D5Y (J)1=D5Y (J=1)
IF(ABSF(D6Y(N))=ABSF(D5Y(N))) 3696060
DO 37 J=7»11

PUNCH 10, D6Y(J) .

DO 39 J=8s11

DTIY(J)=D6Y (J)=-D6Y (J=1)
IF(ABSF(DTY(N))-ABSF(D6Y(N) 114161561
DO 42 J=8,11

PUNCH 10,y DTY ()

39



43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64

65

TARLE THREC (CONTINUED)

DO 44 U=9s11

DY (UYy=D7Y () =-DTY (J=-1)
IF(ABSF(DBY(N))=ABSF(DTY(N)))146962+62
NO 47 J=9s11

PUNCH 10, DBY (W)

NO 49 J=10,11

POY(J)=D8Y(J)-D8Y (J-1)
IF(ABSF(DOY(N))I—-ABSF(DBY(N)))51963963
DO 52 J=10s11

PUNCH 1Cs DO9Y(J)
DOY(113¥=D9Y(11)-D9Y(1D)

PUNCH 10s DOY(11)
IF(ABSF(DOY(N))-ABSF(DOY(N)))GD+64964
D2Y(N)=0,4U

D3Y(N)=0,0

D4Y(N)=CoeU

DBY(N)Y=0,0

D6Y(N)=0,0

D7Y(N)=04,0

DBY (N)=C,lU

NOY(N)=0,0

DOY(N)=0eU

B = ATANF(X(N))
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TABLE THREE (CONTINUED)

66 1F(B169967969

67 ERR = 10040

68 GO TO 70

69 ERR = ABSF((Y(N)-B)/B*100.C)

70 PUNCH 719 M s Ns XIN)s YIN)s By ERR

71 FORMAT(215+4F15.0)

72 X(N+1) =X(N) + H

73 Y{N+1)= Y(N)I+DIY(N)+D2Y(N)+D3Y (N)}+DA4Y (N)+D5Y(N)
1+D6Y (N)+DTY (N)Y+NBY (N} +DOY (N)+DOY(N)

N = N+1

M M+1

T4 1£iM_10117&. 101s 75

75 1F(M-201)76s 1054 76

76 D1IY(N)=Y(N)-Y(N-1)

77 D2Y(N)=D1Y(N)-D1Y(N-1)

78 IF(ABSF(D2Y(N))-ABSF(D1Y(N)1179+56456
79 D3Y(N)=D2Y(N)-D2Y(N=1)

80 IF(ABSF(D3Y(N))=ABSF(D2Y(N)))B1s57+57
81 D4Y(N)=D3Y(N)~D3Y(N-1)

82 TF(ABSF(D4Y(N))=ABSF(D3Y(N)))183+58458
83 NSYIN)=D4Y(N)=-D&Y (N~1)

R4 TF(ABSF(D5Y (N))=ABSF(D&Y(N)))85959959

85 D6Y(N)=DSY(N)=D5Y(N=-1)




B6
R7
88
89
90
91
92
93
94

95

101
102
163
104
105
106
107
108

99

TARLE THREE (CONTINUED)

ITF(ABSF (DAY (N))=ABSF(DSY(N}))IRT96uUs60
N7Y(N)=D6Y(N)-DEY (N=-1)
IF(ABSF(DTY(N)Y)I=ABSF{DEY(N)I})IBFs61+61
DB8Y (N)Yy=D7Y(N)-DT7Y {(N-1)

IF(ABSF({DBY (N))=ABSF(D7Y(N})191+624+62
DOY (N)=D8Y(N}-DARY (N-1)

IF(ABRSF(DOY (N))=ABSF(DBY(N)Y) 1935634673
NOY (N)Y =DOY (N)-DIY (N-1)
TF{ARSF(PLY{N)Y)I=ABRSFINAY{N)))E5964964
TYPE 96

FORMAT (22HNOT ENQUGH DIFFFRENCES)

GO TO 65

TYPE 102

FORMAT (18H10C EXTRAPOLATIONS)
PAUSE

GO TC 76

TYPF 106

FORMAT (18H200 EXTRAPOLATIONS)
PAUSE

~0 TO 76

STOP

FND




TABLE FOUR

COMPUTER RESULTS FOR EXTRAPOLATIONS MADE FROM AN ARCTANGENT CURVF

10
11
12
13
14
15
16

17

WITH DATA TAKEN FROM 6,0 TO 50 IN INCREMENTS OF 0.l

M X(N) Y(N) ARCTAN X ERROR

11 500000004F-07 137340074E-07 137340074F-07 000000004E-99
12 4990CO0004E=07 137302324E-C7 137301544E-07 56809268.F~-11
13 49800000eE=07 137264564E-07 13726262¢5-07 124578506E-10
14 49700000eE~07 13722679E~07 137224024E-07 20185570eF-10
15 496000004F~07 137189014E-07 137185034,F-07 29011511.F-10
16 495000004F=07 137151224E-07 13714590,E-C7 387908054E~10
17T 45400000,0-07 12711242 E-NT7 13TINAART.F=NT7 49669377.E-10
18 49300000,F-07 127C75614E=07 137067174F=07 61575649,F-10
19 492000006E~07 137037796E-07 137027574E-07 T4583520,F-10
20 491000004E=07 136999964E-07 13698782.,F-07 88621017.F~10
21 490000004F=UT7 13696212E-07 136947926F-07 10368905.E~09
22 48B9000004FE-=07 1369242T74E-07 136907866E-0C7 115861634 E=09
23 4B8B8000004E-U7 136886414E-07 13686763.E~07 137212864E-09
24 4B7000006E-07 136848546E-07 136827264E-07 155524564E~09
25 4B6000004E-07 136810664E-07 13678672eFE=-07 17501658.E-~09
26 485000004,F-07 13677277eE-07 13674602FE=-07 195618126E=0G
27 4B4000004F-07 13673487.E-07 136705164F=-07 217323034F-09
2B  4B300000sF=07 1326696964E~C7 126664144,F-07 240150784F-0G



18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39

40

29
30
3]
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

51

482000004F=07
481000004E-07
48000000,F-07
47900000,F=07
478000004F=07
477000004E-07
476000004E~07
475000004E-07
474000004E-07
473000004E-07
47200000.F-07
471000006E=U ¢
47000000,E-07
469000004E-07
4680000007
46700000.F~07
466000004F-07
465000004E-07
46400000,E-07
463U0000.E-U7
46200000,E~07
461000004E=07

460000004,£=-07

TABLE FOUR

13665904 ,E~07
136621114E-07
13658317,E-07
13654522,E-07
136507264 E=07
136469294E=-07
13643131.E-07
13639332.E-07
13635532,E-07
13631731,E-07
136279294E-07

........ ~ A7
'

150£41c0eL—0

13620322,E-07
13616517,E-07
12612711,E-07
13608904 ,E-07
126C50964E-07
13601287.E-07
13597477«E~07
135936666E-07
13589854.E-07
13586041.E-07

13582227.E-07

(CONTINUED)

136622954,E-07
126581606E-07
13654009,5-07
13649841,F=-07
136456564,E-07
13641455,E-07
136372364.E-07
136330014E-07
136287484,E-07
136244784,E-07

13620191.E-07

FLTERQRA. FaN

1
A e - . — -

126115644E-07
12607225,E-07
136028674FE=07
13598492,F~07
13594099,€~07
13589687.FE=07
135852584E-07
135808104E-07
135763444,E-07
13571859.E-07

135673564E-07

264157664E-09
289277614E~09
315511724 F-09
34293439 ,F~09
371546814 E=09
401276844 E=09
432272344E~09
464387844 E-09
497771324E-09
53235067+ E-09
568127124E~09
ANB17545,E-09
6434234B84E-09
682872514E=09
72367097 .E=09
765673134 E=09
80895394 ¢ E=09
85358846¢E-09
899430834 E~09
54662584 ¢E=~09
99511326 4E~09
104495634 E-08

10560868.E-08



4]

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

45500000.E-07
458000004E~07
457000004F-07
4560000CF=-07
45500000 ,,F-07
45400000,,F=-07
453000004F-07
452000004.F-07
45100000 eE-C7
450000004F=-07
4490000045-C7
448000004E-07
447000004F=07
446000004F-07
445000006F=-07
44400600.F-O7
44300000,F=07
442000004F-07
44100000,4,F-07
440000004.E-07
4390000CeE-07
43800000.F-U7

43700000,F=07

TABLE FOUR

135784124.E~07
1235745964,E~07
1357077G,E~-07
13566G614,E~-07
12562142,F=~07
1355G6322,E~C7
125555014.E~07
135516794.E-07
125478564E-07
13544032,E=-07
135402C074E=-07
135363814k =-uU
13532554 ,E-07
135287264E~07
13524897,E-07
135210674E-07
125172364E-07
125134C44,E-07
135095714E-07
1350573 74E-07
135019024E-07
124G8L664E-07

134942294,E-07

(CONTINUED)

13562834,,E~C7
13558293.,FE-07
13853733,F-07
135491544F-07
13544556 4,F-07
13539636 ,e-07
13535302,E-07
135306454,E~-07
13525G694E-C7
135212724,F-C7
135165584,F-07

7

(]

1350706245~
125022859,5-07
12467492 4,507
134526754F~C7
13487837 ,F=-07
134828T784,F=-07
134780984507
134731974.F-C7
12468275%.5-07
134633314E-07

134583664,F~07

45

114858004E-08
12024375,E-08
125766084.E-08
131425174E-08
137221184E-08
1643154264.E-08
149231984E-08
15545452 ,E-08
16181465.5-08
16831995,F-08
174963184,E-08
101750325,.€-08
18RB708644,E-08
19575643 ,E~08
203037716E-08
210425284F-08
21796675 .5-08
225662314F-08
233512174F=08
26151654 4F-08
26G679624E-08
25799707 6E-08

2664 T73654E-08




o

64

65

66

67

68

69

70

71

72

73

T4

75

76

17

78

19

80

81

82

813

84

85

86

75

16

77

78

79

80

81

82

83

84

85

86

87

88

86

S¢C

91

92

93

9¢4

95

96

97

43600000.E-07
435000004E-07
434000004E-07
433000C0aF=07
4320000045-07
43100000.5-07
43000C0CeF=07
42900G00.F-07
42800000.5-07
42700000,6-07
426000004F=07
425000004E-07
424000004E-07
423000004F~G07
42200000,F~07
421000004F-07
420000004507
41900000.E=-07
418000004F=07
41700000.5-07
416000004E-07
4150000045-07

414000006E-07

TABLE FOUR

13490391 4E-07
13486552 4 E~07
124827124E-07
134788714E-07
12475029, E~07
124711864E-07
12667342 4E-07
12463497 E-07
134596514 F=07
134558044 E-07
134519564 E-07
1244810 14E-UT
13444257 4E=07
13440406 4E=07
13436554 4E-07
134327C14E-07
136428847 E-07
13424992 JE-07
124211364E-07
12417279 4E~C7
13413421 4E-07
13409562 4E-C7

134G5702eE-C7

(CONTINUED)

13453375,E~-07
134483714E=-07
13443340,E-07

134382884F-C7

13433213,E-07

134281164F=-07
134270964,5-C7
134178544,F=-07
124126854F=07
13407501 4F-07
134022G04F=-C7

-~ =
Z ot

- Arr  rm_AN
27 (VS v?

[¥}]

1
133G175G4F~-C7
133865174E-07
133812124.E-07
13375884,F-C7
13270531 4F=07
133651544E=-07
13359753,F=C7
12354327 ,F-07
132488774,E-07
132434C14F=-07

13327901.E-C7

275113044E-08
283907994E-08
292872644E-08
30199521.E-08
311288144E-08
220744G24,F-08
33037333,5-08
34C166164E-08
35013113,F-08
36C26847.F-08
370578464F-08
2210A132.F-0R8
391717344E-08
402561774E-08
413579874E-08
424771G24E-08
43615320F=08
447716506E~-08
459462086F-08
471367774508
48751622,F-N8
49582210,F=08

50832335,E-08



READ H, X(11)
START

READ J(1) TO J(11)

DLY(J) = D3Y(J)

ABS(DLY):

ABS(D3Y) - D3Y(J-1)
DO 29 DSY(J) = DLY(J) :
J=6,11 - DLY(J-1)
i
| T\
N
ABS(DSY): DY(N)
STOP
ABS(DLY) - Dl
A
Y(N+1) = Y(N) +
PUNCH M, N, DIY(N) + D2Y(N)

+ D3Y(N) +

X(N), Y(N): DLY(N) + DSY(N)

4’1«1



N=11

DO

J=2,11

DO 24

J-S’n

DIY(J) =

Y(J) - ¥(J-1)

ABS(D3Y):
ABS(D2Y)

D3Y(J) = D2Y(
- D2Y(J-1)

ABS(DSY'):
ABS(DLY)

A

DSY(N)=0.C

DLY(N) = 0.C

1\

) = DUY(N)

ABS(DLY):

DLY(N) = D3Y(N)

ABS(D3
ABS(DZ

Y(N-1) ABS(D3Y) D3Y(N-1)
X(N+1) = M=M+1
—_— .
X(N) + H N=N+1
Figure 1.

Flow Diagram of Fortran II Program for Computing Extrapolati

Using Newton's Extrapolation Equation.

#1-2

v




DO 1k
J=3,1

L7

D2Y(J) = DIY(J)
——
- D1Y(J-1)

1) { Do 19
C) [ ey, n

D3Y(N) = 0.0 .ACP-»

ABS(D2Y):
ABS(D1Y)

\ &)

D2Y(N) = 0.0

D3Y(N) = DRY(N)

pns

- D2Y(N=1)
D1Y(N) =
Y(N) - Y(N-1)

D2Y(N) = DIY(N)

- DIY(N-1)

¢7-3
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Figure 3-a. Sine x in Five Degree Increments.
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